Abstract. Some examples are given of convex domains for which domain monotonicity of the Neumann heat kernel does not hold.
This question was raised by Chavel (1986) who showed that the inequality holds if D 2 is a ball centered at x and D 1 is convex. Kendall (1989) has shown that if D 1 and D 2 are convex and a sphere about x separates ∂D 1 and ∂D 2 , then domain monotonicity holds. Carmona and Zheng (1992) showed that it also holds when the domains are convex and D 1 ⊂ D 2 , provided t is sufficiently small. Hsu (1992) has considered the case where D 2 is a parallelopiped and D 1 satisfies a certain condition relating its inward normals to D 2 .
As these results indicate (see the introduction to Hsu (1992) ), in the above problem it is the case of convex domains that is of interest. The following special case of Problem 1 has received a great deal of attention. 
In Section 2 we prove Theorem 1 and in Section 4 we prove Theorem 2. Section 3
gives the proofs of the main lemmas.
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First example.
In what follows, we use the probabilist's p D (t, x, y), that is, the kernel corresponding
Fix t > 0. Let
The proof of Theorem 1 hinges on the following two lemmas. We prove them in Section 3.
Lemma 2. For every fixed β ∈ (0, 1/3) and t > 0,
Proof of Theorem 1. Fix some t > 0 and let a = p
and since |y ε − 0| = (1 + ε 2 )
By Lemma 1 and translation invariance,
and
By Lemma 2,
Now take ε sufficiently small so that p
Proofs of lemmas.
Proof of Lemma 1. Note p 
Integrating over y ∈ W (0), we get 1 = (3/8)κ, hence κ = 8/3.
We present two proofs of Lemma 2, the first largely analytic and the second entirely probabilistic, as they each are of interest in themselves. 
Trivially,
If r(t, x, y) denotes the transition density of 2-dimensional Brownian motion killed
transition densities of 1-dimensional Brownian motion, on the line and killed on exiting 
We then have
By Bass and Hsu (1991) Section 3 (with easy modifications to extend the results to the case of 2 dimensions), there exists c 3 such that sup z p
is a bounded region, we have an eigenvalue expansion for q W (0) , namely
where the ϕ i are the eigenfunctions for one half the Laplacian with Neumann boundary conditions on ∂W (0) and Dirichlet boundary conditions on ∂B(0, K) and the eigenvalues λ i are nonnegative. Fix an arbitrary t > 0. Let
Let c 4 = sup λ≥0 λ exp(−λt/2)/2 < ∞. Then by Cauchy-Schwarz,
But from the eigenvalue expansion,
, where U K is the potential kernel for X s , reflecting Brownian motion in W (0), killed on exiting B(0, K). 
where
. From the analyst's point of view, this formula is just the conformal invariance of the Green function and a change of variables.
Let V (x, y) = − log(|x − y|)/π, the fundamental solution for one half the Laplacian on 
We then get
Combining (3.1), (3.2), and (3.3) and taking b sufficiently small proves the lemma.
The next proof will be based on a special construction of reflecting Brownian motion in W (0) and a coupling argument.
Second proof of Lemma 2. Let X be a standard 2-dimensional Brownian motion and assume that X(0) ∈ W (0) a.s. One can easily modify the proof of the Skorohod lemma The process Y t behaves like standard Brownian motion in the interior of W (0) and is confined to W (0), so it is a reflecting Brownian motion in W (0). The angle of reflection is normal because the radial part of Y is the same as that of X, and therefore the same as that of standard Brownian motion. Hence, p W (0) (t, x, y) is the transition density for Y .
we have for all x ∈ W (0) and t > 0
In the last formula and in (3.6) below, we integrate with respect to the arc length measure on S ε .
Fix some t > 0. Let a = p R 2 (t, y 0 , 0). As in Section 2, |y ε − 0| = 1 + O(ε 2 ), and 
It follows that
Let α 
Then (3.4) and (3.5) imply that α
t ≥ γ and therefore it implies A ∩ {Y t ∈ dy ε }.
Let V = {z = re iθ : r > 0, θ ∈ (0, 7π/8)} and consider a conformal mapping f (z) = z 8/7 of V onto the upper half plane. By conformal invariance of Brownian motion, the probability that X will hit S 1/2 before hitting the boundary of V is the same as the probability that a time-changed Brownian motion f (X) starting from f (v 1 ) will hit S (1/2) 8/7 before hitting the real axis and, therefore, this probability is bounded by
k=0 be the family of wedges obtained from V by rotation by the angle kπ/8. The same estimate applies to every wedge V k . Since the family is finite, the probability that X will stay in any of V k 's before hitting S 1/2 is bounded by O(ε 8/7 ).
Every wedge with angle 3π/4 is covered by one of V k 's, so the probability of B is bounded
by O(ε 8/7 ). The same bound holds for B 1 .
It is elementary to check that p(s, y ε , x) ≤ c 1 < ∞ for all x ∈ M 1/2 and all s ≥ 0.
Thus
This and (3.7) imply that for all
It follows from (3.6) that
Now combine this estimate, Lemma 1, and the fact that p
to obtain
We can obtain the same result with 8/7 replaced by any exponent smaller than 4/3 by choosing a smaller angle for V .
Second example.
Let C(α, h) be the cone {z = (z 1 , z 2 ) : 0 < z 1 < h, |z 2 | < αz 1 }. We will say that a domain D satisfies the uniform interior cone condition with parameters α and h if for every z ∈ ∂D, there exists a translation and rotation of C(α, h) that lies in D and has vertex at z.
Proof of Theorem 2. From the proof of Theorem 1 it should be clear that the aperture angle 3π/4 can be replaced by any angle θ ∈ (π/2, π). Of course, ε depends on θ as well as t. For a particular θ, let us denote the domains W (ε) and W (0) that arise from Theorem 1 with t = 1 by F 1 (θ) and F 2 (θ), respectively.
Let E be any convex domain, bounded or not, containing the point 0 and satisfying the uniform interior cone condition with parameters α and h. Let X s be reflecting Brownian motion in E, let q(s, x, y) be the transition density of X s killed on exiting B(0, K), and let 
tion with parameters α and h such that for some θ ∈ (π/2, π) and some
Applying the estimate (4.1) successively with E = E 1 , E 2 , F 1 (θ), and F 2 (θ), it follows that if K(θ) is sufficiently large, then there exist x, y ∈ E 1 with p E 1 (1, x, y) < p E 2 (1, x, y). What we do now is to take a sequence θ m ∈ (π/2, π) increasing rapidly to π. We also take a sequence s m decreasing to 0 sufficiently rapidly. We then form a pair of domains 
